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CLt\!~:LA\;c), :,'IHlo 
.J III/C17derigl' I~f lire dYliamic dll!r~lIl('fi\liI .I' of nO::;:::/C:'1 lind ()r~{t(es is iml)ortmll ;11 nIallY 
t'OIIIr,JlIIJltl slabilily 1IIIIIIysl'.I' oj (m~illl'('r£lIi!. tlCI';If',\', 11 is /I,\llIzi If) fl~.mmc that Ihl' ill-
SIIllIIiIlII'OIiS Jlm('mll', Jor (l ~i!'cil sci 0/ illl,'1 wlIIIII iOlI ,\ and ollllr:t Im:,1 wre, i~ the same as 
11,1' lIoll/mliSil'lll !'IlIIII' /(11 IIII' Sf/m,. (I/>ol/Iillg I (illilitioll,\, HI'alttly, iu conrtf.cthm 111ftll 
lit.' ,11"hi/il.l' (1/I(//Ylis cd 1111 ,',\'ICYllIllly /1(('lI/tri;;('t/ l!trll.ll /l('(lYiltK, Ille validity Id Illis 
11.1.1'1/11//'1;011 7(1(1,1 '111 csl ifl II I'll, The fllIlIly,lil l,re',ll'lth'" ill I1l'i,\ 1)(/.f>Cf wa5 Ul!Ilntlll.:('1l 10 
/Jlo1'ic/1' III/ (/IIS!(t('/", 'I'll,' "r('lt'll! 1I,llIdY,lis fI/'/JtiC'l 10 (/11)' .fIllid, til/II irJ , or ga,1 ji()wi'll!, 
ill/o II ,\;111/'/,' nll/iro/ 1IOZ::;/(" Thl' 1I111/)/iIIlr/I' IIlfd /,htlsl' or IiiI' muS),(lux rrsf1MI.if '10 (J 
.I'illl/,lllitlilliv liml!'l'lIryiNt; /m~,\wrr .f/ut!iI(/!i(11l III /1,(' liII:d/' ('xii at'1' ddfrmilled, An 
aN'/ {I,rimlllr' for III II/a is !!,i1'('11 J{lr Ifll',\(, (1II/!IIIilil',1 i>l I"YIIIS 4 t/;e I/(I:~lr /l1Tl'<l1 .1'1',), /1;( 
~{liid 11II,~h' SIIIiIl'llIil'li hy II/(' 1(1//(', Ihl! l'dodly (~r IIII' fluid o/Ille 1/(J:::l,. Ihrtl(!f, tilt' tlf1lU,ti;: 
;,,.,O( il.\' III till' Ihrolll, (llld /!/I'fn'f/II('1I1 y 41/1/' /)/'I',\SlIrl' fllllllll1lillll, 
N"lll,}:" and mill""~ hav., i,IIIII1Il,'r:,J,\., apJlli"al,iOlH; 
'in ~'ll!!ill(,,'rim: tI.',",,'t'.', FI'I''I,1( nl,1I- :1' "11011'1\'.1;:." of Ih .. 1'('1', 
(oTman!'!' of ~\lI'h n,l)'l.ll'~ :1Ilc! I)l'iti!'('''' \lltdc'l' til'lI:lItlit, "ollciit,i'lllH 
\It'\'OIlH'1< illlportallt, For ,':-':llnph', Oil" ;n:'I' 1)(: (',IIIlt'c,rtl('(llI'it.h :t. 
(:ollt,rol,)r'a o;tahiJit~ :tllal,\'His ill" hic'li ':I)Ill!: rl'bt,itllll ... t\\""'11 110" 
/!lIrlll:lt,ill!lS nlld ('\it pr(,~sllr<' Ilu('tlia/,ioll" /lIt1st I,.. illl'l.rpor:lt,('d, 
TIH' II~U:tl tlItal,\'t,i,':l! pro('l'dllle 111 1 hl'~1' cirt'tllll~j,at\('nl< iH t,tI 
pn~t,ulat(' a '1\1l1~i-,,(t',ldy rl'1:11 ion h,'I" ('('U lIo\\' r;tk alit! ('xii, 
Jlrt'~8un': that iH, tht' tlo\\' m(t' is 1,~lk(,Il, nt, ('.Vt',f)' t.illl(' inst.alll,. (,(} 
('\lrr('~Jlol\(i to thl' in~(allt:ll\(,()IlH c'~it pr(,H~llr", Thi~ prot'c'dUrt, 
ellllnnt, Ite lIdop\l'd \\ ithollt ~OI1lI' lllj~f.(iviIlI!:H liS I., il,1-! v:t1iciil,y. 
('$lH,<'i:!lIy if the freqll('l](,~' of II". (',il pr('H~Urt' IInd,unt-ion>! iH 
hh!'ll, 
B('t':1\l~(' ,)f tilt' important'" of fill\\ fill"iu:lI,ioll>! I hW\I!!,h !lou,lt'l-! 
and tlriti<'('~, eonHidl'rahlc' lit C'l':lI 111'.' 'HI tilt' ~1I1,j('t't, hH~ d,,-
vl,loped, !'.!Udl of I hiH lit,'I':l!,lIl'" h:IH 10""11 'l\lllll"lri~,'d ill I\. HIII"VI',\' 
arli"lt> ,by \)pp,'Il!tt,jlll II],' Th., ",ajo..)t,\ of in\'('"lh\:tliollK haH 
h."t'nl'''p,'rinlf'llbl in n:l1!ll'l', alllllll.'~t of thc'''' im't'"lil{:dioIlN ha.v,' 
h,,,',, ,i<'\,,'kd I.) tll'I('nnillin),!; t 1,(, ,'fi,'c,t, of prl'HHIIl't' (i11l'lllatiollH till 
(It'(rllil<' 1101', n()W(,\'<'r, ~l'hull.~-(;ruI\OI\ I:!I 1""1'"1 is t,h:l1, if th .. 
'.\1,,< COll"ult"nt. 'I'll" Fm"kli" I",ritlll'" ('hiln,ld"ldn, 1':1, 
2 ~umh0r~ in "r:tI·kt't.~ dt\:-;.i~~lIall' Ht'I'PT"Ht'c'S at Pilei of papt". 
COtltributt. ... d tar tlw .\ppJu:d !\(l't'h.lld(':-, I ),,-' ... ioo £01 prt·~I·nt.HI iOIl at 
lh,' Wint,'r ,\l\llll~l ;\Ir,'tin/r, ;\"\\ \ "I'It, N, Y .. N""'llIh.'r '.!;j :!Il, 
HH'\2, of TI-Il~ .. ·\MEHH'\:"; ~n('IE'n ,OF :\h:I'lL\l\:)('.\I. 1'~:\"I:rNI·:I'~H~. 
, Dbeu~~ion of !hi< p:tp,,!, "looHlt1 I", ad,!It,"",t1 to tl ... I':dilo!'ial 1>,'-
pnrtllwnt. A~)IE. t:nitt'd EIl~ill~"\l'ill(! (~('1I1j'T" :~I!) E:t:-.I 171h Xt.rt>t·t, 
N.,,," York 17, ~('\\, Y,'rk, an,i "ill hi' a.",,'pt.,.! Hutil 0/11' IllOnlh aftN 
tin:,! pllhli~"tioJl (If th' Jlap"\, il",\f ill tIll' ,I"""N,\!, ",.. AI'I'r.n:u 
:\rB('H\XIC~, :\bllll'l'ril't fI:'-"i".,.! h,I ,\:-'~!I': ,\""llI'c[ i\1,'.'hanit" 
l)h-biol1, Jt'UH13t'~· ;-), U"l~. Pal"" 7'\0 (i~ - \\~.\-~:!I. 
H'H'aJl .. d "~t,r"llh:d IIII1I1IH·r," S ,w[J/U, iH I('~H t.Itan (UII, t)lla~i· 
HI,'aci,\' prC'HHIlf'('-ilO\, !' .. Iat illllH arn valid, (Horn w iH tlw :tllV;\llllr 
vl'loC'it,I' or t.ho IIl1t'1.ll:lt,illJ,!; ,'~it, prl'~HlIl'n, /) if< t.he t.hroat dialllet,!,I'" 
alld (I iH t.!lI' flllid v('I,wit.1' at thl' thloat.,) Corresponding 1,111'0-
rl'l,i,'al' work np!,,':u'H to h:;v(' 1"'1'(1 d('\'()t.,~o prineip:llly to n. st.udy 
o( 1.111' IU'!lll.vior of illdil'idu:d PlllSPfI, m(./t('r t.han of rrt'CIlH:ll(~~' 
rl'sp"tl~C', a 
Thc, ]l1t~P"SI' of I Ill' !,n'SI'II!, \l'ork is t n prl'di"t till' 11 III pli I who :lInl 
phaHc' rnlat,iollH 1>('I.\I('t'lI t.It" ill~tanlalH'O\l~ nnWI'll!!' a.nd :I l~il\ll· 
Hoid:t.lI,1' /luI'! lI:lI,inJ,!; ,'~it. pn'~sllf(, in :I "llIlil'lIl 1107,)\1<" 'Fig, 1. ,\\:' 
t.IH.tI~h t,IH~ I'hos,'n 1!,1"'lllldl'~' i~, of C'OlII'~I', \'-.:tr"llH'ly flilllph~ <:0111-
part'd \\ it.h lWIll,\' ill IIH." it is I>l'liC'I','d 111:',1, till' !'ss('nt,ial "'Itlfll('. 
tC'riHt it'" or:t t'Ollll)('C'~:,ihl(' !llIid t'\p:llltlilllJ: ,md :H,,'('lt'rn 1 illl!, from a 
",\ 1"""'1" lI,ilW 1'I'((I','lioll ""lIhHiH to .It-Ill with prOb"'IlI"'nkill,to 
t,I"",' t"',,h'd h.,,,, i~ that. .. f I'Il,;I'I,il Iii I, 
Fig. 1 Conical nouln sholNing convergIng spherically symmetric, 
















ftl1W :Ir.~:, \\'hl'rl' .II ~, I 
,i:1wlnlld,' (,i nsdlla\ i"ll 
nUl',{ ~.'nt ~~;~]p~ 
~t~l~ll~Hi\'n ~ nt:lalpy. II -~ .. l':!".! 
dilJlt'n~ionI. ~~ ]l\'rtllri >I,d ~I :\){1l:11 "'11 I'llt It:dpI'. lJ' /11'" 
lo,,:!l ::\Iac'h I!lclnh,'r, ,'il/ 
:lIllplitudl' (tid I)!' 
fllIid pr('~HlIrt' 
:Imp!it,IlII,' of )" Ip ()~<'illill,it)ll< 
alllpiil,lIci(' nr (PI')' /( pI') o,'I'ill:,t,i!)ll~ 
Journal of Applfed Mcctjanics 













r:tdill~ frolll ('Ollt' npt'x 
:dKO, r"Hidllnl f1llH'tioll 
raC\iUH, r, \l'hl'l'!' M -~ I ill (,!lllil'lIl !low 
fluid I'II1.ro(l)' 
:d~o, ~trollhallllllll],c'r, W/J/l' 
modi/it'd )-:troulw! JJumhel', fUJi .I/U!'J,/ /" 
t,iIlH' 
al>~olu\t' klllpel':ltUI'l: 
/Iuicl v!'iol'ity lit nm::dn tlll'oat 
loc'.d flllid \'I'lo( ito" (v('I'I,urial in holcl fll<'(\) 
au'\i!i:lry flllll'tillil 









"ta~n:ltio!l r('~('r\'oir :tn' w('11 l'l1ough r":lli7.(,d (Of" I,lli' rc'HuH" t,C1 
h~wt.> s .. mi-qll:ll1I itai in' prtlC't,ic:tI ~i~~lli(i(·tllJ('n. It, iH rl'('oJ,!;ni7.('d 
th:l.t 1l<':lr thp :qll'ttllTt' of any ('ollkalllo7.1.J(' tllP flow will ('ea~t' to 
b~' "plll'ri"!llly ~\'1l1m~t ril'al hllt, :11(:lill, t hi~ (·IT,,,'I iR not, d"l'nH,d 
largt' Pll(lll!!:h't,o ',\('f,'a!, tl\(' p\ltP;I~'" of 1111' illv('~t,iv.al,ion. ' , 
Tn til(' ,lmll~'~i~, (he flo,,' it'! prl'~lll\h'd In he adi:lhat.i!~ IIl1d frie-
tioll-frl'l'. Sueh :bSl1l11pt.ion,; art' wpll kllown In b" ill e1()~(, i\('e(lr(! 
wit.h, tilt' fa('ts. Cnd('r such ('ir('llI11,'I,:llH'(',;, l\: .. lyin's l,hl'of('I1\ 
'11~n :l~~nr.'~ thaI t Itt' fh",- b irrol,:d iOllal, HiIH'l' it odldll!tI('~ ill 11 , 
rp~('f\'oir o{ ~1:tp:ll(lld, fluid. '\'Ill' flllid itHl'lf is ,1"SIlJrH'c1 10 I'xis1. 
in tht.>rmndyn:\mk "t]uiliilriulH :Ind in :1 Hinv,I('l'h:11<n. OI,lu'rwi;1(l, 
the nature of Uw fluid b pr:l<'lic:dl~ llilrp~tri('lpd; L"., it, Illay be:l 
liquid, vapor or !J;a" 
Basic Propagation Equation 
To Ht.art, the: pr"~('III, all:ll,\'I;i~, \\P II rit,,, dO\l1i 1':III"r'H ('qlla-UOll, 
tlw llla~H ('cllIt.irlllil,y ('<Illation, ;1IIt! I I", ~'H';(,II,'d "'I't!:-;" "quat,j(1Il 
of t.herlllorlynalllir'". Thus 
In 
nh of, \ 
~'VI' '-' -v'VI< ~, .- -'--- + -- ' (8) 
p J)t at 
'wltc,r,.' IIKo h:i~ 1,"':1\ madl' of (,!)II:It.ioll (n). Filially, rnarranl!;('rn(mj. 
of f'qlllltioll (Hi, I,ng'" tH'r \\ iUI t,',(, lise of t.Il1.' iRontrnpir' f'(ll:ttioll 
Illlj,\\,('('U Jln'H~l1W :U1l1 ,'nt,haIJl.\', !!:ivl'H 
I I III 





lJt. 'i (I 
(') Tlikilll!; till' :-II oi,f';;i" 11 tll'l'iV!llil'" "t c''lllat.ioll J 1,11'(' (li>tuill 
P 
f) III P 
--\" ,v 
/)( 
TdS = <lit - dp 
p 
H,'rC' l>/])/ ~ 0/01 +- v'v j" til" :-;(lIl,l':; or L;lIll\' o)l"ra!llr, anel 
the' ot ht'f ~)1H\'lll~, \\ hid, n,rt' ~t,a nti:mi, arc' dl'filll',j ill 1.111' N ')IIH'II-
('bturt', • 
For 1111 irwtationlll flo\\': 
~o that I'quation (I) ('1111 be rc'IHitt,('1l I,,; 
(lv' ,,2 
:)[ p,71''''Y 2 (Ii) 
B\ll ~ilh'\' :11"o. from <,qual ion \:q 
(ti) 
in ntl i~t.\ntrolli(' fhl\\, ,\~' obt:lin h~\ 1"lInhinil'~ (·qttntiow·, (r,) allel 
(0) t1w fullowill!! lIN,fu! rt'~lI1t; 
(i) 
\\'Ill'rt, J[ i~ th(' stagll:llioll (,lit hnlpy: i ,p" 11 '~ II + 1'%/2, 
Anoth ... r TI;8ult itWOI\-illj! tilt' ~lltgo:d ion ~'nl,h:dp~' is o\ol.nin(:(1 
hy lirEt. t.:lkinl! tlw ~l'I\br procltl<'t (If ('qllllt.illll ( I ) "it.h t.hc, vll!<H'it.y 
v, 'I'lli'll 
BlII.; 
I) I 1)1/ 
/)1 ,,2 /)t 
lJ u In p 
m ol 
/) 0 III I' o /) In p uv 
.. - 'V In p 
0/ /)/ ul 01 /)/ 
(1 :!) 
(J:~) 
:-:lIb~tit.lIl,ion~ il,l,o !'(plnt.ion (1:1) frolll ('qllltt,ioIlR (2) and (7) yit'ld 
tIl(' followi",. "Jll'llp:l!.(:lIioll (''1"at.ion'' for t.Iw RI-ag-Illltioll' IJ!I-
t.lllllpy; thll~: 
/J I 1>11 
., '\'211 + V 1/. V In p 
/)f /1 2 [)( 
Differential Equation for Spherically Symmetrical Small 
Disturbance 
(14) 
/. .. t. IlH 1101\' ~IIJlpO~<l t.lml, Ihl' lIo\\' t.ltrOlIJ,!;h t.he nozzlc~ d('vilitl'R 
0111.\' v('ry ~Ji!!:ltt,ly (alltl ill a. Hp''''ri('al!~' ~.I'lllml't.ri(,:l.1 llI:lI1I1l'r) 
frolll 11 ~j.p:III~', "0111<'111 i"flow, ?llon'oYer, ill ,dt:lt. fo!l()\1'~ let 1If! 
tI"lIul .. 11M I'ri",..d qll:1I1t.ilil'" al! fhwtllHtiOflR from Rtl'/ldY-i'lt,:ctn 
vllhlf'K, \'('~"rvill~ 1.1", ""prillll'd ~11"tIlH for IJII' quant.it.i'·II rPll'rrillg-
1,0 Oil' "baH!'" , ... II it-aI IIc,\\,. To Itt'st orrkr in ~m:,1l 'pi:lntir,jell, 
('I)lIatioll (1,1) I ""'OIlIl'H 
/J 
1>1 II~ 
hl"'allR(" ill I h .. HI.c·atly·"t:11 f' ,'oflil-:t1 flow, till' ~t,:JI(Ill\t.jorl f'ut.fJltlpy 
iH !'Y,'ry" it"rl' uniforili. TltiH la~t ('quat ion 1II11Y b(~ further simpli. 
Ii 1'(1 I,), tlot.ilJl-( Ihat 
( In) 
-----Nomenclat\lre~----------------------------
a rMio of 101':11 v(']neily til a('O\l~' i .. ydo('it.~· fllr IIJlHt.ream 
{3' = T:ltio of :lC"~\l5ti(' v"I()eit~ rar 1l1'"tn'am to IO(':t1 :l<'Ollstj" 
Ycl .. jdt~·, a,,/d 
,', JOI'n! tilli.! i~l'ntruJli<: f'''P:III"jllil ("1)(11]('111, Ii) 1111'/0 III p)~ 
1" dinlt'll"i"n!,'"'' !luid ('ot'!!;,·j"ld, 
''iF - 1 "~ (0 '0 hI p,l" III (UI'/UP\ 
\ rall,) of I(wa! r!ldill~ 1.0 I.h:d II lil'n' M ." I ill (,(lIlit-al liu\\', 
f/lt 





1l1Odilif'" radinl ~aria"'c" r -~-.. til-
• I - M2 ~ 
"ilTlpn~ioll"';;H p('rtur""" Jlf('~AUn', 1"/1' 
al~o, :;'11150 
fluid tl('lIsily 
r dilll('IlHil)ltl,,,o,o I iIIif', fI, t / Ii 
if; pha:«' (111).(\" 
tt' 1I1l1!1lJ:,r y!'lol'ily of oKl'illnt,illll 
~l Ho!itll1ll~h' ~Ilht ""d .. d hI" ,'OU(' 
:\0'11": I'rilll!,H <11'11111., 1,,'rt,lIri,,'d vnrillhlpt<. 
:-:uliS"l'ipf 2('111 rd('r~ to ~'o"daioll~ far 1,lp~tn':llll, 
Transactions. of the ASME 
, 
\ 










" ~ , 
\l'll' + \lU',\, In (l 
.) )'2[/' 
,'z ,)r U, 
~, I' 
, ;)" c)' 
0[f' Jo III I' :.! ~ 
-- 01'-', i)" ·1· .;, ( 
(17) 
Tltt p::ni;il ditlcrl'!,t:"l l'qu,l1i"ll f,IT lilt' lill<'lU:ltioil of till' ~t;\/.!:n:l-






f) J ,)/1 ' 
, l' n! 0'1 /)( U/ U" (Iil) Till' ('Orn'HI'OIHlill/.!, ddlf'r"III,i:d t''1I1.1.li'lTI (oJ' 'YJ is , 
whpft, 
l> ,) () 
In 
- .. j- /' 
,)1 ,), ( 10) 
II iH (,("lvI'nil'llt, 10 1'1'11(\.',. ."piltlillll \ 10) dinll'll~i(}IIII'IiH It,\' ill-





fi" , .. 
(20) 
\110 fL~' it' "~: l- t ht' !1t'ou::'.t H~ V(\iOt'lt ~ for the' ttui<i in t,lIp l"pl'wrvoi .. :1 til I It' 
i~ th.· md:t1~ ,m<:.,lIn·d frolll I ht, :tp .. , III t h,' ,'(Hli') II h"f(' II ~I:I('h 
Ilumh,'r oj \lnit~· ';"lI1Il hI' "ht:til\("\ if (h., ('OII'i .. ,,1 tlo,,' 1I1'IIItdly 
p"l'8istl'd up t:' IIl'I! r;l<\ill~. In It-rtf1~ III till'S!' v:ll'i"ltl,,", (''llilltiotl 
(18) """')l\l.'~ 
(21) 
Further pr(l1!:I'<'~' i,; ait\,'d h~ p,'r[ot'lIli!,/.!: tI. [n'qIH'I\"\' anlll~HiH ill 
tilllt', TIll'rt'f"f(' \\'1' :'~~Ullh' t h:1t :l1.' (';111 hI' 1'(' I' rl'"1' 1 II I'd ill 11\1' 
form: 
UPOII in~prt,itJn of thi" fimn for ,1C ill t'qllat.ion (IH), 11''' o"t,aill 1,1111 
f'll:,'will~ ordilt:ll'Y ditr('~nnt inl ('"ll:dioll for 'i; 
F' - r' [.'~ '111 (-.- ct_,.) I· !!/MII'r] ] 
rlr·. I '- M' I -. t-,'F 
+ i-' [. (11',8)' __ 1M " hi ,d'!] 
_I - M' I -- M' ,I;: 
d - {('I,il ('21 ) 
W KB Solution for ;;...' 
'\,,~ 111)\\'. j1TlI"t't·t! \(I ol,t,nin ~"I\)I i(\l1~ I I) (''111:1 l,ioB (:!:l). H,'vI'I':lI 
tmn"iorl1l:\tim\~ of Y>lrinhh' :m' Ih'l'I'~":ln' to plll I Ili~ <''1naU"" ill 




'C"(;'\ 1- tl' .. () (2U) 
J .I' + ._- ---- III 
:2 dr' (
' .. __ n _.) 
I -- M' 
I J {/' ( It )i2 
- -- - In -_._-- ._- " (:!/l 
I llit I - M! J 
~ =0 .1'1' .. ./3.... til; 
- M2 . 
Journal of Applied Mechanics 
" .: !. ~. 
( ' )" I ()'/1 ,I'! t ( l'l , d d! ~ '2 1'(0 ,.. 111 j. , . III -' ( rI~" ,Ii I"~.B. 
Eqllation (:;11 iH ill 1I f"rlll 1.0 \lllicit tht' ",,1l.1molll, WI":B 
Illdholl 1:11 I'i\ll I", IIpplil'd, 'I'll(' ~'lhl(ion~ ~o dpri\'t,.1 !H,', in tlti~ 
":tHt', !IH,VI\lptol.kally "'((1('1, ill' t.Il" lilllilt< of HIIl:IIl ::t!lIt'h ,1lI1111btlr, 
M, or of hi!!h W:I\ t' IIll1Jlll('r, /I'. In ["<'I,, !\~ shoWI1 in t hI" Appi'tHlix, 
I hI' I'rroT of \.lit' \, E II II II'Il '0" n,~ 1I .... l'd h('T(' iH O(M:'/u<~). TIl(' III" 
I'ro'o.imaL" ~olntl<lll or "'I'I:lIioll \:11) "hit'h h:lH" form lit. !:'~, '" 
('()n'\'HJlOlldill~ 10 nil olll,\\':lI'IlIy radiatillf.; wavo iA 
,'. J )'(Ode (' ._" fI'i i' :.!u 
\\'it.h 1."1\ MlllIU' IIl'dl'r of [11"'111 ill',\' \I,,!ttlV" 
(:1·1 ) 
Amplitude and Phase Relations Between Flow and 
Pressure DislUl bances ' 
10"',"'1 1''1I1"t,iol\~ (7) and (\I) \\'(' obtain for tlH' dist.url",d J!I't'S-
~'!In' :lIld vl,lul'i!.," t,h.~ fo//oll ill~ I'Xpl't'""iOflH: ' 
0,,' oJ/' (:1[, ) ,!.J 
-of. V" 
<)/" Illl' uf/' (:~ti) , . ~ 
-I- I' 
II (}I uf c'r 
1\101'1'111"'1' 1,1 ... , i""lItropil', I'l'ial ion 1,1'11\',,;'(1 W"HHlIl'f' Mid <!I,/(.,i,: .. 
~i\' .. !"l 




IflI')' '. PI.' t· "p' ' .. PI" + -- 1" 
, a'J 
III dinllmsiofll,'ss form, (''Illation (:If\) Iw('om('s 
il7r d,le M Q,iC 
-y,rJt VT ,or + 1- M2 '"01 (40) 
(11) . 
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() In X M <.l III ,lL 
, -I- I _ M1 't dT v .. , 
.) ill :,e, M' , 
ur 
() III ~l' 
,)( 
The \\'I\ B form 01' .le, giv('l1 I>y ('qll:!l i()n (:11), i., 1Il'1I adnpll·d to 
e\-:Iluat.illg 1.IIis l:i~I, l'x!,I'I'~,iOlI. Afit'r ~OIlH' ~illlplilil'nli()ll, Iltl' 
fol1mriug forlll i~ f"lIud; t hll" 
orr-
Or 




:-linN'. for ('olllpkx pI'riodil' t.inH' v:tri:dioll of 'If' Iliid (pI!)', thdr 
:\bRolute raUo nnt! llwir ph:lHl' art' tb· ~allll' as 11,0sl' of t.\1(,jr tillll' 
dl'riv:\tiye~, tit(' J'i~ht.-haJ\(1 silk of !'qllation (,I t) ill JloInl' forlll 
provid('s tIl(> 1\!,'Hin'(\(HlSW('f, We Iwvll )'I't., h011 PV(~I', t.o I'X[lI'('~K 
th'I' Ilfl~\I'N in IpI'ms of rl'l\(IiI,v int,C'l'jli'dptl JlitYHil'al qllltllt it it'H, 
Formulation in Terms of Strollhal and Mach Numbers 
The' iollowillK 1,\\0 rt'HIII(~ ('1111 \'" l'sllLhlislH'd 1111.,·1' l'ollHid!'r:lhI" 
,1(>(li()l1~ Ilhwhmi<' IlII11lipuI:d,ioll: 








,tt:i I .. 
\ ') . .. I) i :;'Y' 
" :! 
_ 1'" . U ) In (Oil) 
u In p.. up" 
J MtJ (,Iii) 
M" tl) 'I ( Iii) 
(.17) 
Tlw!"'l r('mlt~ :\1'1' "alid 1'.'1" thl' :lrhit,I.II')' ~1Il~1"-I'Il:\~1' fluid, (''(''1']11, 
I,h:l,t in O\Jt:lillinp: "quntioll (Iii) th., dl'ri\'ati\'!' of 'Y' at ,'ouHt,allt 
','ntropy h,l>' \)('('nll{'~I!'I't(',l. I'\lI' t h., lllollalollli,' KaR, I(~) n'dll<'l':l 
t,o ,m {'sp",'i:\l1~' H:tnpl,' "),,[11 ('~"itlll. 
\\'" now prlll",.·t! to ,'Iiminat!' .1/,.1 ill lh,' fon·"oillg (''(l'r{'~sions 
ill fltn'r ,)f tllt' :-'trouhal numb!'r. Till,. !'lilllinntioll is lH'romplish"d 
:IS fol1ow~, TLv :'trouhallllllnl,c'l' III :1 KiVl'1I poinl, ill til!' flo\\' is 
""nw'llfit,nlll!y ddillt'd :I~ u:/J /1'. To 1\C't'lltll,t for the C'llrvntllrt' of 
Ii", ii.,I·, ;.n'IL \1" Il,'n' Illndliy lJ.i- ddinilioll ,,1i!!:hIIy, tatill!!: S 
.",,4:l ';;-:":'i ,. Te, n·\:It," ,,'I., ,I', Iii' ilOll' th"t 
1/,,/ 
,o1 -, '11'7 ~. II' ... 
, l.' (.jH) 





(I I)'" ,~'1l1I' ;. 
I Ill! 
(:i,ll' (II!) ,/., (" 
M 'rr .. 
II' 
(1)'/' tI" •. ll'( )" rr- .\ '/l 
. . . ( I ). '~I' . :-1", 
1 ,~! 
S' 




\\,h!'n I", w,'sHim '" ( 1[1), i ·It. ) n lid (ii t ) an' ll~ .. .(i1i l"l11a (.iOll (~ l ), 
1.I1t~ follo;1 ill~ Ii IInl fOrtllll!.1 fill' t,h.· uot.?I" pt'rformal\('(' i~ oilt,flilll',j: 
" 
]1,,1'1' .,I(M) i", 1111 ahlll'!'vi:ltioll for 
,I(M) o· r.'Y":! - :1 (, \'Y.~~-::-_.!.) ~:~I:~=-:"l M~ , (54) 
Disclission of Results 
Alt.l;ollgh ('lIt,ir"l,\' aITurat,!, onl~' ill thp Iill\it~ of low Much 
1I11111111'r and I'iv.lI ~t rollll:d 11I11II1I('r. (·qlll\t.ion (5:1) dOl'R, neve'r-
t.I",II'~H, yil'l.! 1 Ill' "01'11"'(. qllll~i"HI:Lt.it', I'l'1at,hillR IIH S' - ... 0; i:tl. t 
U7r 
.lr M" 
- ), ,Cr.!;) 




WI' \lh~"rv", ailloll~ olll<'r thill~~~, Ih:1\ it,ll IlI'Htrl'am infi\l~i,r/ of 
I'I'!'hHllrt' Ihwl lIat iOIlH v:tlli~IH'H a~ 1!1f' t.hroal :\1lJ.f'l1 llllmhl" :')"-
)1\'("'1'1,,,,. IIl1it.l'. 












[II FigH. :! IIl1d :;, "JlPl'Oxilllll'le val!\('/l of the :unplitudi' f:wt"r A' 
IIl1d of IIii' Jlh',~1' 1I1lJ,!11' ",', II'" fOlllld frolll eqllatioll (:i:l), l!r!' s!tOWTI 
for vllrioll~ ,\1:.1'11 II III II h!'r!> in t hI' l'aHe of It )Iprfcl't !{llH with 11 
HJW' ilil: 1ll':IL I':i\,jo or 1.·1. 
""'11111 "'1l1:d ion (r::n it, (':til It" ;;('(,11 that t.iw phnsn lLllgI" for M 
() HI:lrt,~ (Jill :.1 thO d"K for Sf, "' () and llpproadH'S'nO t\l'g fof' 
S' -~ >L', AI I II<' 1':11111' t,ill'\' I ht, :lfllpIiLlldn fu.dor (or M = 0 ill-





Fill. 2 Modified Sirouhal numb .. , versus p~a,e angle 
. ,'rerules stt'alHh- from unit.)" to infillity. It. is P<'rJlliHHihh' 10 think 
of the M = 0 l'OIU!itio/l HH that for :lll ille()lllpr .. ~sihlp flllid, [01' 
"\ hich ('Vprr llortioll of thn Hili,! wit.hill tilt' 1107.7.1 .. 1l11IKt. oHd\ln.tl~ 
in ph:1H('. '.I'll(' fon'~oill!!: JlI;a~!' and alllplitut/p f('lationH 1'('/11'<'1, 
t.hen, t.11(' ill('n'IlHill~ lliHi('ulty for hil!"-fn''1IIeIl<"Y J"PHHurP (lHl'iilll-
\.ions to OVt'rI'UllW the' i1H'rt.i:L of :111, 1\,,· flnid ill t ltiH HYII('hroIlIlUH 
eo!umn within the 110zzle. 
\\n(11\ tilt' l\[ach nnmlll'r at t.llll Il(I~~I(' iH finit.P, <'l)lIat.ioli (I';;l) 
~hOWR that' 
I 
Xc'''' - -I -j M 
S' - I) (ii!!) 
S* -'" (tl ( Iif)) 
'A~in, ",. ;,hhlin 'In:l<,i->util' h..!I:lyi"I· at low I"tt'llulmllllllllhl'I'H. 
Th,' rt'~ult for 's' -.. " (':til hI' "'~llIl'~~,'d ill l·0I11pl,'I.(' forlll :lH 
I 
0.1 • __ • - .- .-. [ .. -
, 
I 
/- .... - -.. _-' 
• 01 ... __ 1. ____ L .. _L ... 1. LJ __ .L J 
o 0.2 0,4 0.6 08 10 12 
__ J.. 
I. 2.0 16 
AMPl.ITU(l£" fAC10A, N 
Fig. 3 Modified Strouhal number y.rs~. amplitude factor 
OIH' of 1.111.' l'()\l('lu~i()IIH of Ule pn'!mnt analysis is that the angle 
of Ilozzln div('r~I'Il('" iH of Hlllll(' impiJrtfllu'e., lIowcv!'r, for IlOZzIl'1l ' 
of T('/lSOIlIl1>ll' d"Hi~n. tlll' rall~(' of t.uttl! inclmle'd angle is SOlll~-
\\ hat. lilllil,l'd, a t.otal ill('llI!\"d nll~l() of tiO c1<'g'bcing rep'r('sent,a-
tiVI'. For t t.iH part,i(llllar '11l~1(', thl' lIlodifird nnd usuitl Ht.roullll! 
ulllII\H'rS :l.l'IJ jlll'utica\. '. ' 
Acknowledgment 
'1'1", :1111,1101' iH Jl:1'Il1...rlll to llr. 1.111,111' Y,lpht, for ~lnking Ilvnilllhle 
I II(' fl'IHlItH of IliH litl'ralllJ'(' H('arch 011 pulstl.U·1l1?; 1l000:zle floII', ttrlli to' 
l\lr. Htall!t'y l\la1:tIHlHld for itHHistllill'l',wit.h ('olllj)lltntionH. 
Th,~ work W:lH J>l'rfOI'llIl'd for HI!' Frllllklin lnHtitute ulldHf COli-
1.r: ... ·I. NOllr-:!:II:!(Otl), 'r,d, ]\; If 0(;1-11:1, joint.ly !Hlpportt-(II,ythH 
J It'part.Hl(l)It. of Ilpfl'IIHI',' At.()Illil' J';II('rgy COlllrniHHioll, ;\'fl~ritirne 
AdllliJliHt.rat.ioll, Nat;,,"al Al'roflltui,i/-1J Itflrl Hpltce Adminikf,r;ltir.n, 







1 f-M: S:f. -+- 0'\ (HI) A. K. OppPllh('im alld J.:. (;. Chilton, "l'uhlMling 1-10,.. M,,~,,-
.A Sllt'('bl rm\(1 of thi~ JaRt forllllll:! i~ ,.iltairu'd wh"l1 M b small. 
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APPENDIX 
'I'J,,, IHlrJlO~" of t "i~l Ap\l"llIlix iH to ,weerillin UtI' or<lnr of nlll~­












, ,tho solution of equation (:11). The trnatnlPJI(, t'lIlplo'yl'd will 
fnllow ('ompictely" for our ~1">l'ifi(' (':t~(" litH nlialYHiH !(ivI\1I ill 
'S('ctioll 3.:~ of f('f('r('(H'f1 (41. 






Thn tl'Huhing dilTon·nl,'ial equation for' is, t,111'11 
(lili) 
AsoluHoll of tile forngoinl!; difll'rt'nl iill l''lllafioll i~ p!'Ovidl'd hy 
thfit, z(~) whil'h ~atiR!ipH tlw followillJ! inh·gr:t1 (·qllllt.ion: 
(Hi) 
'" 
I,(~)~:.: -~2r(O; i',1 ~ J) 
z(~) ill ~'qllnt ion (G7) ean h(,'~Xll1'I'~~('d 11)'1 hI' inli nil n Hl'ril'H: 
zW '" :E .:"I,~) (tin) 
"rll 
',~'h(>re zl)(~l' ill d('fillt·t! to he unit,y, llwl 
--' 
, (,'" II - ,,'-;~II'(/'-Ol 
' Z"+l(~) = i -- .. ~; - _.- -_. l.(t),ZIlU)/-·''ldt 
, l: _II' 
, ... ' .. 
As n "onS('CjIWII('(' of p<.j\ll\t,ioll (Hi), if (,HII hI) proVl'1I (.Ita!, 
• i 
6 
,,' -''', .'" 
I /)" Iz,,(~)1 5 'I (' I)', 
11. \ Wi; 1 
(iO) 
(71 ) 
IIIH\ if. i'an I,,, 1,,'1'11 (,1m1, t.h(J HI'rit'H (fi!I) '('onvI,rW'R for all fi,;iti, 
~ lIIul '/l', 
AM /I "p,'pin.] <'ltRIl of (70). "f' h:wl, 
No\\' ral i~ lIero nt, illiinity. ulld we shull Jlre~lIrnp, that it illr.rt~lI11f'H 
llIollotollifoally with d('''rt'aHifl~ 1;. 'fhpn, through int(igmtinn hy 
partH, WO ('/111 ~!ho\\' f.lull ' 
1 ~ r'" f--n",It-·t) r'Cl)dt! < T 
!21/1 J ~ -- 21{)! (73) 




Ikf('J'(~Il(,(l ,iow ttl "qlllltioll (:\~) of (.II\: h~xt will ahow thl\t t,h{, 
WI, B lI.pproxiJnn(,joll rur z( i;) i~ . 
, J't 1 ' I + -, r(l)d' + 
!!w 0.:. 
WI' fillll hy illkn'OlllpliriHll1l or H('rips (iii) Hnd (ii) that, t.hl' frac. 
(,jollal 1'1'1'01' or t.l1f' \\' KJl llH'thod :I~ ('1Il11lovpd ill t,his work is 
O(Ma/II,2). . ' , 
I'rin".d ill U, S. A. 
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